
9.4 Indirect Proof and Inequalities in One Triangle 
For use with Exploration 9.4 

Name _________________________________________________________  Date _________  

Essential Question How are the sides related to the angles of a 
triangle? How are any two sides of a triangle related to the third side? 

 

Go to BigIdeasMath.com for an interactive tool to investigate this exploration. 

Work with a partner. Use dynamic geometry software. Draw any scalene .ABC  

  a. Find the side lengths and angle measures of the triangle. 

    

 

 

 

 

 

 

  b. Order the side lengths. Order the angle measures. What do you observe? 

 

 

 

  c. Drag the vertices of ABC  to form new triangles. Record the side lengths and
  angle measures in the following table. Write a conjecture about your findings. 

BC AC AB m A∠  m B∠  m C∠  

      

      

      

      

      

1 EXPLORATION: Comparing Angle Measures and Side Lengths 

Sample 
Points 
A(1, 3) 
B(5, 1) 
C(7, 4) 
Segments 
BC =  ? 
AC =  ? 
AB =  ? 

Angles 
?m A∠ =  
?m B∠ =  
?m C∠ =  

0

1

2

3

4

5

0 1 2

A

C

B

3 4 5 6 7
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9.4 Indirect Proof and Inequalities in One Triangle (continued) 

Name _________________________________________________________  Date __________  

 
 

Go to BigIdeasMath.com for an interactive tool to investigate this exploration. 

Work with a partner. Use dynamic geometry software. Draw any .ABC  

  a. Find the side lengths of the triangle. 

 

  b. Compare each side length with the sum of the other two side lengths. 

    

 

 

 

 

 

 

  c. Drag the vertices of ABC  to form new triangles and repeat parts (a) and (b).  
  Organize your results in a table. Write a conjecture about your findings. 

BC AC AB Comparisons 

    

    

    

    

    
 

Communicate Your Answer 
 3. How are the sides related to the angles of a triangle? How are any two sides of a 

triangle related to the third side? 

 

 4. Is it possible for a triangle to have side lengths of 3, 4, and 10? Explain. 

2 EXPLORATION: A Relationship of the Side Lengths of a Triangle 

Sample 
Points 
A(0, 2) 
B(2, −1) 
C(5, 3) 
Segments 
BC = ? 
AC = ? 
AB = ? 

0

1

2

3

4

0 1 2

A

C

B

3 4 5 6−1

−1
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9.4 For use after Lesson 9.4 

Name _________________________________________________________  Date _________  

In your own words, write the meaning each vocabulary term. 

indirect proof 

 

Core Concepts 
How to Write an Indirect Proof (Proof by Contradiction) 
Step 1 Identify the statement you want to prove. Assume temporarily that this statement 

is false by assuming that its opposite is true. 

Step 2 Reason logically until you reach a contradiction. 

Step 3 Point out that the desired conclusion must be true because the contradiction 
proves the temporary assumption false. 

Notes: 
 

 

 

 

Theorems 
Triangle Longer Side Theorem 
If one side of a triangle is longer than another side,  
then the angle opposite the longer side is larger than 
the angle opposite the shorter side. 

Notes:            ,AB BC>  so .m C m A∠ > ∠  

 

 

 

  

A C

B

58

9.4 For use after Lesson 9.4 

Name _________________________________________________________  Date _________  

In your own words, write the meaning each vocabulary term. 

indirect proof 

 

Core Concepts 
How to Write an Indirect Proof (Proof by Contradiction) 
Step 1 Identify the statement you want to prove. Assume temporarily that this statement 

is false by assuming that its opposite is true. 

Step 2 Reason logically until you reach a contradiction. 

Step 3 Point out that the desired conclusion must be true because the contradiction 
proves the temporary assumption false. 

Notes: 
 

 

 

 

Theorems 
Triangle Longer Side Theorem 
If one side of a triangle is longer than another side,  
then the angle opposite the longer side is larger than 
the angle opposite the shorter side. 

Notes:            ,AB BC>  so .m C m A∠ > ∠  

 

 

 

  

A C

B

58
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9.4 Notetaking with Vocabulary 
For use after Lesson 9.4 

Name _________________________________________________________  Date _________  

In your own words, write the meaning each vocabulary term. 

indirect proof 

 

Core Concepts 
How to Write an Indirect Proof (Proof by Contradiction) 
Step 1 Identify the statement you want to prove. Assume temporarily that this statement 

is false by assuming that its opposite is true. 

Step 2 Reason logically until you reach a contradiction. 

Step 3 Point out that the desired conclusion must be true because the contradiction 
proves the temporary assumption false. 

Notes: 
 

 

 

 

Theorems 
Triangle Longer Side Theorem 
If one side of a triangle is longer than another side,  
then the angle opposite the longer side is larger than 
the angle opposite the shorter side. 

Notes:            ,AB BC>  so .m C m A∠ > ∠  

 

 

 

  

A C

B

58

Practice 
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Name _________________________________________________________  Date __________  

 
 

Triangle Larger Angle Theorem 
If one angle of a triangle is larger than another angle,  
then the side opposite the larger angle is longer than  
the side opposite the smaller angle. 

            , so .m A m C BC AB∠ > ∠ >  

 

 

Notes: 
 

 

 

 

Triangle Inequality Theorem 
The sum of the lengths of any two sides of a triangle is greater  

than the length of the third side. 

AB BC AC+ >  AC BC AB+ >  AB AC BC+ >  

Notes: 
 

 

 

 

 

9.4 

A C

B

50° 30°

C

A

B
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Name _________________________________________________________  Date __________  

 
 

Triangle Larger Angle Theorem 
If one angle of a triangle is larger than another angle,  

the side opposite the smaller angle. 

            , so .m A m C BC AB∠ > ∠ >  

 

 

Notes: 
 

 

 
 

Triangle Inequality Theorem 
The sum of the lengths of any two sides of a triangle is greater  
than the length of the third side. 

AB BC AC+ >  AC BC AB+ >  AB AC BC+ >  

Notes: 

 

 

 

 

 

9.4 Notetaking with Vocabulary (continued)

A C

B

50° 30°

C

A

B
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Name _________________________________________________________  Date __________  

 
 

Triangle Larger Angle Theorem 
If one angle of a triangle is larger than another angle,  
then the side opposite the larger angle is longer than  

            , so .m A m C BC AB∠ > ∠ >  

 

 

Notes: 
 

 

 

 
Triangle Inequality Theorem 
The sum of the lengths of any two sides of a triangle is greater  
than the length of the third side. 

AB BC AC+ >  AC BC AB+ >  AB AC BC+ >  

Notes: 

 

 

 

 

 

9.4 Notetaking with Vocabulary (continued)

A C

B

50° 30°

C

A

B

Name _________________________________________________________  Date __________  

 
 

Triangle Larger Angle Theorem 
If one angle of a triangle is larger than another angle,  
then the side opposite the larger angle is longer than  
the side opposite the smaller angle. 

            , so .m A m C BC AB∠ > ∠ >  

 

 

Notes: 
 

 

 

 

Triangle Inequality Theorem 
The sum of the lengths of any two sides of a triangle is greater  

than the length of the third side. 

AB BC AC+ >  AC BC AB+ >  AB AC BC+ >  

Notes: 
 

 

 

 

 

9.4 

A C

B

50° 30°

C

A

B
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Chapter 6

 3.  The largest angle is opposite the longest side, and the 
smallest angle is opposite the shortest side; The sum of any 
two side lengths is greater than the third side length.

 4.  no; The sum 3 + 4 is not greater than 10, and it is not 
possible to form a triangle when the sum of the lengths 
of the two sides is less than the length of the third side.

6.6 Monitoring Progress (pp. 378–381)

 1. Given  △ABC is a scalene triangle.

  Prove  △ABC does not have two congruent angles.

   Assume temporarily that △ABC is a scalene triangle with 
∠A ≅ ∠B. By the Converse of Base Angles Theorem, if 
∠A ≅ ∠B, then the opposite sides are congruent:  — BC   ≅  — AC  .
A scalene triangle cannot have two congruent sides. So, this 
contradicts the given information. So, the assumption that 
△ABC is a scalene triangle with two congruent angles must 
be false, which proves that a scalene triangle cannot have 
two congruent angles.

 2.  The sides of △PQR from smallest to largest are  — PR  ,  — RQ  , and  — PQ  . So, by the Triangle Longer Side Theorem, the angles 
from smallest to largest are ∠Q, ∠P, and ∠R.

 3.  The angles of △RST from smallest to largest are ∠R, ∠T, 
and ∠S. So, by the Triangle Larger Angle Theorem, the sides 
from shortest to longest are  — ST  ,  — RS  , and  — RT  .

 4.  Let x represent the length of the third side. By the Triangle 
Inequality Theorem: x + 12 > 20 and 12 + 20 > x.

  x + 12 > 20       and       12 + 20 > x

  x > 8 32 > x, or x < 32

   The length of the third side must be greater than 8 inches and 
less than 32 inches.

 5. 4 + 9 > 10 → 13 > 10   Yes

  4 + 10 > 9 → 14 > 9   Yes

  9 + 10 > 4 → 19 > 4   Yes

   yes; The sum of any two side lengths of a triangle is greater 
than the length of the third side.

 6. no; The sum 8 + 9 = 17 is not greater than 18.

 7. no; The sum 5 + 7 = 12 is not greater than 12.

6.6 Exercises (pp. 382–384)

Vocabulary and Core Concept Check

 1.  In an indirect proof, rather than proving a statement directly, 
you show that when the statement is false, it leads to a 
contradiction.

 2.  The longest side of a triangle is opposite the largest angle 
and the shortest side is opposite the smallest angle.

Monitoring Progress and Modeling with Mathematics

 3. Assume temporarily that WV = 7 inches.

 

4. Assume temporarily that xy is even.

 

5. Assume temporarily that ∠B is a right angle.

 

6. Assume temporarily that  — JM   is not a median.

 7. 
 A and C; The angles of an equilateral triangle are always 60°. 
So, an equilateral triangle cannot be a right triangle.

 8.  B and C; If both ∠X and ∠Y have measures less than 30°, 
then their sum is less than 60°. Therefore, the sum of their 
measures cannot be 62°.

 9.  To construct a scalene triangle, draw a segment and label it  — AC  . Ensuring that  — AB  ,  — BC  , and  — AC   are all different lengths, 
draw an arc with center A and radius  — AB   and an arc with 
center C with radius  — CB  . Where the two arcs intersect place 
point B.

  

CA

B

   The largest angle is ∠ABC and the opposite side,   — AC  
longest side. The smallest angle is ∠ACB and the opposite 
side,   — AB  , is the shortest side.

 10.  Draw a segment  — AB  . Using point A as the center, draw an 
arc with radius  — AB  , then draw an arc with B as the center 
and radius  — AB   to intersect the fi rst arc on both sides of  — AB  . 
Construct a segment from one arc intersection toward the 
other but stop at  — AB  . Label the arc-segment intersection as C 
and the intersection with  — AB   as G. △BGC is a right scalene 
triangle.

  C

A G B

   The largest angle is ∠CGB because it is the right angle and 
the opposite side,  — CB  , is the longest side. The smallest angle 
is ∠GCB and the opposite side,  — GB  , is the shortest side.

 11.  The sides of △RST from smallest to largest are  — RT  ,  — TS  , and  — RS  . So, by the Triangle Longer Side Theorem, the angles 
from smallest to largest are ∠S, ∠R, and ∠T.

Worked-Out Examples

Example #1

Determine which two statements contradict each other. Explain your reasoning.
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Chapter 6

 12.  The sides of △JKL from smallest to largest are  — KL  ,  — JL  , and  — JK  . So, by the Triangle Longer Side Theorem, the angles 
from smallest to largest are ∠J, ∠K, and ∠L.

 13.  The angles of △ABC from smallest to largest are ∠C, ∠A, 
and ∠B. So, by the Triangle Larger Angle Theorem, the 
sides from shortest to longest are  — AB  ,  — BC  , and  — AC  .

 14.  The angles of △XYZ from smallest to largest are ∠Z, ∠X, 
and ∠Y. So, by the Triangle Larger Angle Theorem, the 
sides from shortest to longest are  — XY  ,  — ZY  , and  — ZX  .

 15. m∠M = 180° − (127° + 29°) = 24°
   The angles of △MNP from smallest to largest are ∠M, ∠P, 

and ∠N. So, by the Triangle Larger Angle Theorem, the 
sides from shortest to longest are  — PN  ,  — MN  , and  — MP  .

 16. m∠D = 180° − (90° + 33°) = 57°
   The angles of △DFG from smallest to largest are ∠G, ∠D, 

and ∠F. So, by the Triangle Larger Angle Theorem, the 
sides from shortest to longest are  — DF  ,  — GF  , and  — GD  .

 17. x + 5 > 12

  x > 7

  5 + 12 > x

  17 > x  or  x < 17
   The possible lengths of the third side are greater than 

7 inches and less than 17 inches.

 18. x + 12 > 18

  x > 6

  12 + 18 > x

  30 > x  or  x < 30

   The possible lengths of the third side are greater than 
6 feet and less than 30 feet.

 19. x + 24 > 40

  x > 16

  24 + 40 > x

  64 > x  or  x < 64

   The possible lengths of the third side are greater than 
16 inches and less than 64 inches.

 20. x + 25 > 25

  x > 0

  25 + 25 > x

  50 > x  or  x < 50

   The possible lengths of the third side are greater than 
0 meters and less than 50 meters.

 21. 6 + 7 = 13 → 13 > 11   Yes

  7 + 11 = 18 → 18 > 6   Yes

  11 + 6 = 17 → 17 > 7   Yes

   yes; The sum of any two side lengths of a triangle is greater 
than the length of the third side.

 22. no; The sum 3 + 6 = 9 is not greater than 9.

 23. + 17 = 45 is not greater than 46.

 24. 35 + 120 = 155 → 155 > 125   Yes

  120 + 125 = 255 → 255 > 35   Yes

  125 + 35 = 160 → 160 > 120   Yes

   yes; The sum of any two side lengths of a triangle is greater 
than the length of the third side.

 25.  An angle that is not obtuse could be acute or right. Assume 
temporarily that ∠A is not obtuse.

 26.  Because 30° < 60° < 90° and 1 <  √
—

 3   < 2, the longest side, 
which is 2 units long, should be across from the largest 
angle, which is the right angle.

  
60°

1 2

30°

√
——
3 

 27.  Assume temporarily that your client committed the crime. 
Then your client had to be in Los Angeles, California, at the 
time of the crime. Security footage shows that your client 
was in New York at the time of the crime. Therefore, the 
assumption must be false, and the client must be innocent.

 28.  Assume temporarily that the second group has 15 or more 
students. Because the fi rst group has 15 students, the total 
number of students in the class would be 30 students or 
more. Because the class has fewer than 30 students, the 
assumption must be false, and the second group must have 
fewer than 15 students.

 29.  C; m∠U = 180° − (84° + 48°) = 180° − 132° = 48°, 
which indicates that △UTV is isosceles. By the Triangle 
Longer Side Theorem, UV > TV.

 30.  C and D; m∠R = 180° − (65° + 56°) = 180° − 121° = 59°; 
By the Triangle Inequality Theorem, the order of the 
angles from smallest to largest is ∠T, ∠R, and ∠S. 
The order of the sides from shortest to longest is 
RS < ST < RT ⇒ 8 < ST < RT. ST could possibly be 
9 or 10, but not 7 or 8.

Example #2

Is it possible to construct a triangle with the given side lengths? If not, explain why not.

(continued)Practice 
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A LMN  is a right triangle. 

B 

C 

L∠ = ∠  N

LMN  is equilateral. 

6, 7, 11 
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Name _________________________________________________________  Date _________  

 
 

Extra Practice 
In Exercises 1–3, write the first step in an indirect proof of the statement. 

 1. Not all the students in a given class can be above average. 

 2. No number equals another number divided by zero. 

 3. The square root of 2 is not equal to the quotient of any two integers. 

In Exercises 4 and 5, determine which two statements contradict each other. 
Explain your reasoning. 

 4. A LMN  is equilateral. 

  B LM MN≠  

  C L M∠ = ∠  

 5. A ABC  is a right triangle. 

  B A∠  is acute. 

  C C∠  is obtuse. 

 

In Exercises 6–8, list the angles of the given triangle from smallest to largest. 

 6.  7.  8.  

 

 

 

 

 

 

 

In Exercises 9–12, is it possible to construct a triangle with the given side lengths? If not, explain 
why not. 

 9. 3, 12, 17 10. 5, 21, 16 11. 8, 5, 7 12. 10, 3, 11 

 

 13. A triangle has two sides with lengths 5 inches and 13 inches. Describe the possible lengths of the 
third side of the triangle. 

 

6.5  9.4 

8B C

A

6 10

7

D

E F

18 15

H

J

G

11
16

14

 Practice A
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6.6 Practice B 

Name _________________________________________________________  Date _________  

In Exercises 1 and 2, list the angles of the given triangle from smallest to largest. 

 1.  2.  

In Exercises 3 and 4, list the sides of the given triangle from shortest to longest. 

 3.  4.  

 5. Write an indirect proof that a right triangle has exactly two acute angles.  

 6. Is it possible to construct a triangle with side lengths ( )5 2 6 , 3 80,x x− +  and
2 41 if 9?x x+ =  Explain. 

 7. The figure shows several triangles, with labeled side lengths. Which of the 
triangles are labeled correctly? Explain. 

   

 8. Your friend claims that if you are given the three angle measures of a triangle,  
you can construct a triangle that obeys the Triangle Inequality Theorem, even if 
you are not given any of the side lengths. Is your friend correct? Explain your 
reasoning. 

N

M

L

x + 10

x

x + 8

U V

W

2x + 1

x 3
2

x

Q

R S
19° 48°

A

C

B

D
52°

115°

A

D

F

C

G

B

E
4

9

3

5

5
12

13

6

25
45

10

 Practice B
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